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Development and Validation of Navier–Stokes Procedure
for Turbomachinery Unsteady Flow

A. Chernobrovkin¤ and B. Lakshminarayana†

Pennsylvania State University, University Park, Pennsylvania 16802

An unsteady viscous � ow solver based on the Runge–Kutta scheme has been developed. Three low-Reynolds-
number k-" turbulence models have been assessed for their ability to predict unsteady transitional � ow. The k-"
model has been modi� ed to incorporate leading-edge effects. A pseudo time approach has been used to accelerate
the numerical algorithm for unsteady � ows. A sensitivity study has been carried out, including the effects of the
arti� cial dissipation, the grid density, and the physical and pseudo time steps. The numerical simulation of the
unsteady transitional � ow in a compressor cascade has been carried out successfully. Good agreement with the
measured data as well as the previous Euler/boundary-layer predictions has been achieved. The numerical solver
has been able to predict major features, associated with the wake-induced transition on a compressor blade (wake-
induced transitional strip, wake-induced turbulent strip, etc.). An analysis and an interpretation of the results
from the unsteady � ow simulation have been carried out to understand additional � ow physics associated with the
transitional � ow.

Nomenclature
A = wake amplitude, A D .U f ¡Uc/=U f

Am[] = amplitude of the � rst harmonic
C = chord length
C f = skin friction coef� cient, ¿w=.½U 2

0 /
C p = pressure coef� cient, Cp D . p ¡ p0/=.½U 2

0 =2/
Cx = axial chord length
c¹; c"1; c"2 = constants in low-Reynolds-numberturbulence

models
G; g = ampli� cation factor
Qgk1k2 = average ampli� cation factor:

Qgk1k2 D
Z k2

k1

g.k/ dk

.k2 ¡ k1/

H = shape factor
k = turbulent kinetic energy wave number
k4 = coef� cient of the fourth-order arti� cial dissipation
M = Mach number
n = number of grid points per wave length
P = turbulent kinetic energy production
Ph[] = phase of the � rst harmonic
p = static pressure
Q = vector of conservativevariables
R = residual
Ri j = rotation-rate tensor
Re = Reynolds number, based on chord
Ret = turbulent Reynolds number, k2=º"
Rey = turbulent Reynolds number,

p
.k/y=º

Reµ ; Rex = Reynolds number, based on µ; x
OSk = numerical discretizationof the physical time

derivatives at k stage of the Runge–Kutta scheme
Si j = strain-rate tensor
T = period
Tu = turbulence intensity
t = physical time
U = total velocity
u¿ = friction velocity,

p
.¿w/=½
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V0w = wave velocity in y direction (rotational velocity)
v = y component of velocity
x = axial length measured from leading edge
xc = chordwise distance measured from leading edge
y = distance in circumferential direction
yC = inner variable, u¿ y=º
®k = coef� cient of Runge–Kutta scheme
®0

k; ®00
k = coef� cient of Runge–Kutta scheme with

pseudo-time stepping [Eq. (1)]
¯ = inlet � ow angle
1 = difference between maximum and minimum values

during the period
± = 1¿=1t
" = turbulence dissipation rate
µ = momentum thickness
¸ = Courant–Friedrichs–Lewy number
¹t = eddy viscosity coef� cient
º = molecular viscosity
¾ = Von Neuman number
¿ = pseudo time
Ä = reduced frequency, Ä D $Cx =U0

! = wake width parameter
$ = wake passing frequency

Subscripts and Superscripts

c = values at the wake centerline
e = values at the edge of the boundary layer
f = values in the freestream
ref = reference value
t = turbulent
te = trailing edge
w = quantity at the wall
0 = total, inlet, freestream
¡ ; aver = time average

Introduction

T HE unsteady � ow in turbomachinesbecause of rotor-stator in-
teractionresults in bladevibration,noisegeneration,decreased

durability,andpenalty in aerodynamicperformance.An understand-
ing of the physics of the unsteady � ow and the developmentof pre-
dictive capabilities is essential for improved overall performance,
durability, and reliability. Transition associated with the unsteady
� ow is an extremely complex phenomenon and its understanding
can lead to improved ef� ciency, decreased losses, and improved
cooling for turbines. Some attempts have been made to analyze
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the ability of the computational � uid dynamics code to predict the
unsteady transitional� ow. Fan and Lakshminarayana1 modi� ed the
k-" model to capture near-wall physics of the unsteady � ow. This
model was incorporated in a coupled Euler/boundary-layer proce-
dure to developanef� cientand accurate tool for the simulationof the
unsteady transition induced by a moving wake. The need to model
more complex and off-design cases as well as high-speed � ow re-
quires the development of a Navier–Stokes procedure to overcome
the limitation of the inviscid/parabolic approach.

Even though some attempts have been made to develop and use
unsteady Navier–Stokes solvers for prediction of rotor-stator inter-
action effects, none have been validated satisfactorilyagainst accu-
racy, especially for its ability to capture the unsteady transitional
viscous layers near blade and wall surfaces. This is the object of the
research reported in this paper.

Numerical Procedure
The � ow solver is based on the full, Favre-averaged, Navier–

Stokes equations. An explicit four-stage Runge–Kutta scheme is
used for the time integrationof both mean-� ow and turbulenceequa-
tions. A compact second-orderaccurate central difference� ux eval-
uation scheme is employed for convection terms. Diffusion terms
are discretized using second-order accurate central differences. A
detaileddescriptionof the numerical procedurefor the steady solver
can be found in Ref. 2. Numerical simulation of the unsteady � ow
requires special treatment to reduce possible re� ections at the
boundaries. One- and two-dimensional, Giles-type, nonre� ecting
boundary conditions are incorporated to minimize the re� ection at
boundariesand correspondinglyto minimize the computationaldo-
main. A number of low-Reynolds-numberk-" turbulencemodels—
Chien,3 denoted as CH, Lam and Bremhorst,4 denoted as LB, and
Fan et al.,5 denoted as FLB—are utilized for turbulenceclosure.

The steady Navier–Stokes solver developed earlier2 has been
modi� ed by the authors to enable time-accurate simulations. Even
if a time-marching scheme is used to approximate unsteady equa-
tions, discretization errors and acceleration techniques can destroy
the time accuracy of the code. Time-accurate computations require
that the amplitudeof G D Qn C 1=Qn be close to one for all harmon-
ics to be resolved. Also, phase-angleerror has a major in� uence on
the time accuracy. Thus special care should be taken in applying
time-marching schemes, developed for the steady-statecalculation,
for the unsteady numerical simulation. This special case includes
additional restrictions on the time step, i.e., the time step should
be constant for all cells. When an explicit time-marching code is
used for the unsteady computation, the time step is limited by the
stability considerations.Because of this limitation, the actual time
step is much smaller than the time step required for the temporal
accuracy, especially in the case of highly stretched grids in vis-
cous regions. Furthermore, it is impossible to use common accel-
eration techniques, such as the multigrid and the implicit residual
smoothing. These techniques generally affect the temporal accu-
racy of computations. These limitations lead to a large increase in
CPU time for unsteady viscous computations on highly stretched
grids. These dif� culties can be overcome by the implementationof
internal iterations at each time step. The base code has been ex-
tended to include the pseudo time inner iteration. This approach
resulted in a major accelerationof the unsteady code. Details of the
pseudo time scheme incorporated in this paper are discussed in the
following.

The code has been calibrated using exact analytical solutions
(e.g., � ow over a cylinder, � at-plate laminar boundary layer, os-
cillating plate, etc.) validated against benchmark quality data (e.g.,
unsteady turbulent boundary layer, transition over a � at plate, etc.)
and certi� ed for complex � ows (compressorand turbine rotors, turn
around duct, etc.). Based on previous steady-� ow analysis, numeri-
cal uncertaintyof the code for the velocity � eld (i.e., error due to the
discretization,computer round off, etc.) is estimated to be less than
3% (maximum error) and 0.5% (rms error). To achieve this level of
accuracy, proper numerical strategy should be carried out (i.e., grid
dependency analysis, adequate level of iterative convergence,etc.).
Additionalfactors affectingnumericaluncertaintyof the code in the
case of unsteady-�ow problems are discussed next.

Different approaches have been used in the discretization of
the physical derivative in pseudo time step techniques. These
approaches for the discretization of the equation @Q=@t D R can
be expressed as follows:

[1 C ®0
k.1¿=1t/c]1Q k D ¡®k1¿ . OSk ¡ 1 C ORk ¡ 1/

C ®00
k .1¿=1t/c1Qk ¡ 1 (1)

Second-order accurate discretization of the time derivatives can be
written as

@ Q

@t
D OS D

3Qk ¡ 1 ¡ 4Qn C Qn ¡ 1

21t

in this case c D 2
3 . Values of ®0

k ; ®00
k , the coef� cients used by vari-

ous authors, are given next: 1) ®0
k D 0; ®00

k D 0—explicit treatmentof
physical derivatives in internal cycle6; 2) ®0

k D 1; ®00
k D 0—implicit

discretization of physical derivatives7; 3) ®0
k D ®k; ®00

k D ®k —also
implicit discretization of physical derivatives8; and 4) ®0

k D ®k ,
®00

k D 0.
The presence of the additional source term in Eq. (1) changes

the behavior of the scheme. Melson et al.8 carried out Von Neuman
stability analysisof a � ve-stageRunge–Kutta scheme. This analysis
has been applied to the four-stage scheme and has been extended
to include different cases already described. The following two-
dimensional model equation has been utilized for this analysis:

du

d¿
C du

dt
C a

du

dx
C b

du

dy
D À

³
d2u

dx2
C d2u

dy2

´

C k4

³
a1x3 d4u

dx4
C b1y3 d4u

dy4

´
(2)

where ®1 D 1
4 ; ®2 D 1

3 ; ®3 D 1
2 ; and ®4 D 1.

A numerical scheme with evaluation of all terms at all stages
(denoted as 1, etc.) as well as schemes with the evaluation of
source and viscous terms only at the � rst stage (denoted as 1a,
etc.) were considered. An ampli� cation factor of g D g.¸x ; ¸y ; ¾x ;
¾y; ¾ 0

x ; ¾ 0
y; ±; kx ; ky/ was derived using the symbolic computation

program Mathematica. Only one-dimensional results are presented
here for the sake of clarity. The second dimension does not prin-
cipally alter the results but makes the evaluation and interpretation
more dif� cult.

The ratio of the pseudo time step to the physical time step,
± D 1¿=1t , plays a signi� cant role in the behavior of the scheme.
The results of the stability analysis for the scheme 1a are presented
in Fig. 1. An average ampli� cation factor of Qg0¼=2 is plotted as
a function of the Courant–Friedrichs–Lewy number, Von Neuman
number, and ±. The plot is bounded by the stability surface with
jgj D 1. Explicit discretization of the physical derivatives leads to
a linear decrease in the maximum Von Neuman number with in-
creasing ±. On the contrary, an implicit evaluation of the physical
time derivatives leads to an extended stability region. An extended
stability region indicates an advantage of the implicit evaluation of
the physical temporal derivatives.However, the distributionof Qg0¼=2

suggests that within the stability region a scheme with an explicit
evaluation of the physical time derivativesmay have better conver-
gence. With increasing ±, the average ampli� cation factor Qg0¼=2 is
smaller for this scheme. The presence of the additional term re-
sults in a smaller ampli� cation factor at low wave numbers for both
variants of discretization,which is especially bene� cial for the cal-
culation of the wake propagation in turbomachinerycon� gurations
in which initial error at each physical step predominately consists
of the same harmonics as the inlet disturbance,with wave numbers
<¼=2. Thus, the low ampli� cation factor for these wave numbers
may accelerate an overall convergence. More details of the stabil-
ity analysis can be found in Ref. 9. Based on the stability analysis,
operationalcurves were establishedfor both schemes. These curves
are used to adjust time step according to local value of ± for both
the explicit and the implicit discretizationof temporal derivatives.
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Fig. 1 Stability limits and Äg0;¼/2 distribution for the scheme with im-
plicit evaluation of the source term.

Fig. 2 Wake decay due to the arti� cial dissipation; propagationlength
is equal to six wavelengths: , k4 = 0:005, and , k4 = 0:02.

Code Validation
One of the objectives of this research is to assess the accuracy

of the unsteady � ow code against the experimental data and the
predictions from a boundary-layer code. This objective is carried
out in several steps outlined in the following.

In� uence of the Arti� cial Dissipation on the Wake Propagation
Inviscid numerical simulations were carried out to determine the

in� uence of the arti� cial dissipationand outlet boundaryconditions
on the unsteady wake decay. Unsteadiness was prescribed through
a moving sinusoidal wake at the inlet. Results of the numerical
simulation are shown in Fig. 2. For typical values of the fourth-
order arti� cial dissipationcoef� cient k4, 20–30 grid points per each
wave width are necessaryfor accurateprediction.The results of this
analysisare usedas a guidelinein generatinggrids for additionaltest
cases. One of the cases is a developmentof the wake downstreamof
the � at platemeasured by Chevray and Kovasznay.10 The prediction
is in a good correlation with the data.

Transitional Flow on a Flat Plate
The numerical simulation of the transitional � ow on a � at plate

was carried out to assess the ability of the code to predict the in-
ception and the length of the transition. The test case chosen for
this validationis T3a describedby Savill.11 The predictionsfrom all
three turbulencemodels (CH, LB, FLB) are comparedwith the data.

The skin friction coef� cient distribution, shown in Fig. 3, indi-
cates that the LB model shows the best agreement with data for low
turbulenceintensity,whereas the CH model predictsvery premature
transition and the longest transitional length. The numerical simu-
lation of the � at-plate � ow with higher inlet turbulence intensity,

Fig. 3 Simulated steady transition on a � at plate: , experiment T3a,
Tu = 3%;——, modi� cation range due to the variation of k4 = f 0:03–

0:005g , arti� cial dissipation anisotropy coef� cient f 0; 1g , grid spacing
f h ¡¡ 4hg .

more typical for turbomachinery applications, shows that the LB
model gives earlier transition, whereas the FLB model is in a bet-
ter agreement with the data. This observation can be explained by
the fact that the LB model is numerically less stable than the FLB
model. The momentum Reynolds number at the start and at the end
of the transition, predicted from the Navier–Stokes code, was com-
pared with the correlation of Abu-Ghannam and Shaw12 and the
boundary-layer prediction.1 The time-marching code predicts ear-
lier inception of the transition at low values of turbulent intensity.
Overall, the transitionpredictionby the Navier–Stokes code is close
to the predictionby the boundary-layercode based on the same tur-
bulence model.9

Modi� cation of the Turbulence Model for Leading-Edge Flow
The modi� cation of the turbulence near the leading edge of the

bladecan in� uence the developmentof the turbulentboundary layer
along the blade. Large � ow turning and curvature effects, present
in these leading-edge � ows, in� uence the development of the � ow
near the stagnation point. The experimental data on this effect are
scarce. The k-" turbulence model predicts excessive production of
the turbulentkineticenergy and the eddy viscosity in this region. As
a result, the boundarylayer becomes fully turbulentwith a transition
occurring very close to the leading edge.

Modi� cation of the k-"model to improve the accuracy has been
suggested by many investigators. The � rst group of modi� cations
suggested consists of change in the production term. Launder and
Spalding13 suggestedtheuseof the rotation-ratetensorto modify the
production term P D 2ºt

p
[.Si j /

2 ¢ .Ri j /
2]. Flow near the stagnation

point is nearly irrotational,while in the shear layer
p

[.Si j /
2 ¢ .Ri j /

2]
and Si j ¢ Si j are practicallyequal. This modi� cation reduces the pro-
ductionof turbulenceonlynearthe stagnationpointwhile thebound-
ary layer is not affected. In the second approach the dissipation-rate
equation is modi� ed. The derivation of this equation is based on
numerous assumptions.Strahle et al.14 suggested setting C"1 D C"2

(constants in the source term of the " equation) near the stagnation
point in the turbulence energy dissipation equation.

Viscous � ow in thecompressorcascade,describedin thenext sec-
tion, has been simulated using these modi� cations to the FLB k-"
model for the leading-edge � ow. Modi� cations improve the distri-
bution of the turbulent kinetic energy and enable a reasonablygood
predictionof the transition.The predicted transition zone is located
from33%ofchordto 50%(thiscorrelateswell with theexperimental
data), with a 5% variation between various modi� cations. Because
of a lack of experimental data on the budget of the turbulent kinetic
energyalong the stagnationline, it is dif� cult to assessvariousmodi-
� cationssuggested.The approachesbasedon the modi� cationof the
"-equation and the modi� cation of the production term suggested
by Launder and Spalding13 were implemented in the simulation of
the unsteady transition described next, and these were found to be
crucial for the accurate predictionof the unsteady transitional � ow.

Numerical Simulation of the Unsteady Flow
in a Compressor Cascade

Fan and Lakshminarayana1 used an unsteady inviscid two-
dimensional code coupled with an unsteady boundary-layer code
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Table 1 Cascade parameters

Characteristics Value

Pitch/chord 0.78
Steady in� ow angle ® 44.2 deg
Re 4 £ 106

Reduced frequency Ä 6.12
Wake velocity defect A0 28.3%
Stagger angle 29 deg
Inlet M 0.299
Wake in� ow angle 15.55 deg
Wake width parameter ! 0.095
Variation of the turbulence 8%

intensity, 1Tu0

to predict the unsteady � ow caused by the transport of a simulated
upstream rotor wake through an annular compressor cascade and
compared the predictionwith the data from Schulz et al.15 The sim-
ulated rotor wake was generated using a rotor consistingof rotating
rods. The annular cascade had 24 untwisted blades. Characteristics
of the cascade are given in Table 1. According to Schulz et al.,15 the
accuracy of experimental mean pressure and mean velocity mea-
surements is equal to 1.4%.

In the numerical simulation the inlet wake was prescribed as a
Gaussian distribution; this was found to be a good approximation
of the measured wake. A similar distribution was used to prescribe
inlet distribution of the turbulence characteristics. Amplitude and
width were adjusted according to experimental parameters:

U D U0 C A0 exp

µ
¡ .y ¡ V0w t/2

2!2

¶

Tu D Tu0 C 1Tu0 exp

µ
¡

.y ¡ V0w t/2

2!2

¶

To assess the accuracy of the code, the predictions based on
the Navier–Stokes procedure are compared with the data and with
the predictions from the Euler/boundary-layer approach. In some
instances, the comparison is done only with the Euler/boundary-
layer prediction, because of a lack of the experimental data. The
cascade with 44.2-deg inlet � ow angles was chosen for numerical
simulations.

Sensitivity Studies
Flow simulations were performed using three different grids,

179 £ 61, 189 £ 95, and 201 £ 193, to investigate the grid depen-
dency. The distance between the � rst grid point and the wall varied
from yC D 1:6 for the coarse grid to yC D 0:6 for the � ne grid. Nu-
merical simulation of the steady � ow (C p and C f distributions)
did not show any signi� cant difference between predictions with
201 £ 193 and 189 £ 95 grids. Numerical simulation of unsteady
� ows imposes additional requirements on the grid generation. The
grid should be � ne enough to allow a correct propagationand decay
of the unsteady wake through the passage. The numerical analy-
sis presented earlier was used to satisfy this requirement. Fourier
decompositionof the inlet wake showed that it has � ve essentialhar-
monics (based on blade passing frequency). Amplitude of the � fth
harmonicis found to beonly 1.3%of amplitudeof the � rst harmonic.
The grid with 193 grid points in the y direction enables the wake to
propagate through the cascade without nonphysical decay caused
by numerical factors. In the case of 95 grid points in the y direc-
tion, only the � fth harmonic is affected by the arti� cial dissipation.
This effect can be neglected because the � fth harmonic is dispersed
rapidly by the physical dissipation. As a result of the grid depen-
dency analysis, a 189 £ 95 grid was chosen in all computations.

The choiceof thenumberof physicaltime stepsper periodand the
number of inner iterationsat each physical time step is an additional
factor that affects the accuracy of the unsteady � ow simulation. An
increasein the numberof physical time steps leads to a growth in the
temporal accuracyand reduced phase errors. The main requirement
is that the physical time step should be small enough to resolve
the smallest time scales. Previous research indicated that about 500
physical time steps per period are required for the accurate solution

Fig. 4 In� uence of the number of inner iterations on the amplitude
of the skin-friction coef� cient: ——, 10 iterations; – – – ¢ , 20 iterations;
– ¢ ¢ – ¢ ¢ , 50 iterations; PS, pressure surface; and SS, suction surface.

of the wake-blade interaction effect. An increase in the number
of physical time steps also affects the number of inner iterations
because of the smaller initial error. The change in the number of
physical time steps modi� es the convergence characteristic of the
scheme with a pseudo time stepping. For the case when 1t ! 1
(steady-state solution), the additional source term vanishes because
of the presence of the physical time derivative.Additional damping
at low wave numbersdisappearsand, correspondingly,convergence
of the inner cycle in the freestream slows down. To analyze the
effect of the number of physical and inner iterationson the accuracy
of the numerical results, a number of numerical tests were carried
out.

Numerical simulations were performed with 500 physical time
steps and 10, 20, and 50 inner iterations. A comparison of the
predicted amplitude of the � rst harmonic of the unsteady pres-
sure (1C p ) on the blade showed no signi� cant difference between
20 and 50 inner iterations. Similar results were obtained for other
harmonics and phase angles. On the other hand (Fig. 4), there is
a signi� cant change in the amplitude of the C f variation on the
suction surface when the number of inner iterations is increased
to 50. Additional numerical experiments showed that a further in-
crease in the number of inner iterations does not affect the accu-
racy of unsteady C f distribution.The convergenceof the unsteady
pressure depends on the convergence characteristics of the numer-
ical scheme in the freestream. The ratio of the pseudo time step
to the physical time step is high outside the boundary layer. As
a result, additional damping of the low-wave-number harmonics
provides very rapid convergence of the unsteady freestream � ow.
During the � rst 10 iterations, inner cycle convergence is equal
to an analytical value based on the freestream1¿=1t ratio. This
fact also supports the previous conclusion. On the contrary, the
correct prediction of the unsteady C f requires an accurate sim-
ulation of the unsteady velocity in the boundary layer. In addi-
tion to employing smaller inner steps due to the � ne grid, there
is no positive effect of the source term in this region (1¿=1t » 0).
Thus the prediction of the unsteady velocity requires more inner
iterations.

Numerical simulations with 250, 500, and 1000 physical time
steps were carried out to estimate the in� uence of the number of
physical time steps. The number of inner iterations was 20 for all
cases. According to the preceding analysis, this number is suf� cient
to achieve a convergedpressure � eld. The comparison,presented in
Ref. 9, indicates that at least 500 steps are required for the accurate
prediction.

Unsteady Pressure Field
The predictedpressuredistributionand the unsteady pressureen-

velope on the blade are shown in Fig. 5. The time-averaged blade-
pressure distributionfrom the Navier–Stokes code is more accurate
than the prediction from the Euler code and is also in good agree-
ment with the experimental data because of the presence of the
separated region at about 90–95% of the chord. The predicted time
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Fig. 5 Blade-pressure distribution: ——, viscous steady; – – – ¢ , vis-
cous, time average; – ¢ ¢ – ¢ ¢ , viscous min/max; – ¢ – ¢ – , inviscid, steady;
and , experiment.

a) Navier–Stokes simulation

b) Euler/boundary layer simulation

c) Experiment

Fig. 6 Unsteady-pressure distribution: suction surface.

history of the unsteady pressure is compared with the experimental
data in Fig. 6. There is a good agreement between predictions and
the experimental data. Numerical simulation correctly predicts the
maximum unsteadiness near the leading edge where the wake hits
the blade; this is caused by a change in the incidence angle and
chopping of the wake by the blade. Beyond 20% of the chord, de-
velopment of the recirculating� ow pattern, induced by the passing
wake, plays a dominant role in the development of the unsteady

pressure,which leads to the region of increased instantaneouspres-
sure along the wake path. Figure 6 indicates that unsteadypressures
are predicted well up to 20% of the chord, which is the most impor-
tant and crucial part of the blade. Both the Euler and the Navier–
Stokes code predict smaller pressure variation in comparison with
the experimental data, especially from x=Cx D 60% to 80% on the
suction surface. This discrepancy is because of three-dimensional
effects in the annularcascade.Flow visualization15 showed a strong
corner separation. Interaction between the upstream wake and the
corner separation leads to an ampli� cation of the pressure oscilla-
tions. As expected, the Navier–Stokes solution predicts a smaller
amplitude in the unsteady pressure at the midchord in compari-
son with the Euler prediction due to the wake decay caused by
the physical dissipation. There is a region of increased unsteadi-
ness in pressure near the trailing edge because of the interaction
between the passing wake and the separated region near the trailing
edge.

The developmentof the unsteady pressure � eld can be explained
on the basis of two main mechanisms: wake cutting by the lead-
ing edge with associated modi� cation of the incidence angle and
development of the recirculating pattern due to the passing wake.
Both phenomena are predominantly inviscid. As a result, both the
Euler and the Navier–Stokes code predict nearly identical unsteady
pressure � elds.

Development of the Unsteady Transitional Flow
None of the Navier–Stokes procedures have been validated for

their ability to predict the unsteady transitional � ow. Numerical
simulations have been carried out using three low Re k-" models:
CH, FLB, and LB. The leading-edgemodi� cation to the k-" models,
described earlier, was found to be crucial for correct prediction of
the transitional� ow. Despite the modi� cations for the leading-edge
effect, calculation with the CH model predicts fully turbulent � ow
all along the blade. Hence, the numerical simulation based on the
CH model is not presented in this paper.

In the boundary-layer solution1 the transitional region extends
from x=Cx D 0:1 to 0.30. An examination of the skin-friction co-
ef� cient distribution in conjunction with the turbulence � eld shows
that the Navier–Stokes code with the FLB model predicts transition
from x=Cx D 0:12 to 0.4, whereas the computationbased on the LB
model predicts transition from x=Cx D 0:1 to 0.3. An understand-
ing of the complex transitional process on the suction surface can
be obtained from a study of the time history of the skin-friction
coef� cient presented in Fig. 7.

Ampli� cation and modi� cation of the wake and turbulence be-
causeof its interactionwith the leadingedge affectsthe development
of the transitional process. In Fig. 7 path I corresponds to the up-
stream wake propagation at the edge of the boundary layer, based
on the maximum wake defect at that location. Path II (Fig. 7) is
the location of the maximum velocity � uctuations in the boundary
layer. Beyond 20% of chord, an increase in phase lag between the
convection velocity in the boundary layer and in the freestream is
observed.An interestingphenomenontakesplace in zoneA (Fig. 7)
along path II. At t=T D 0 the wake is located at the leading edge
(path I). Change in the incidenceangle seriouslyaffects the pressure
distributionnear the leading edge of the suction surface. As a result
of this interaction,a zonewith a reducedvelocityis generatedfrom5
to 15% of the chord above the suction surface.This region modi� es
the developmentof the boundary layer. A zone of low mean � ow is
located near the leading edge from about t=T D ¡0:1 to 0.15 and
disappearsafter the passingof the wake. This phenomenonaccounts
for thedifferencein the locationof the minimumC f predictedby the
Navier–Stokes and the boundary-layercode. Following the classi� -
cation suggested in Ref. 16, identifying various regions associated
with the wake-induced transitional � ow is possible. In Fig. 7, A
is the region of the wake-induced transition. Disturbance from the
wake-boundary interaction leads to an earlier transition. The re-
gion B is a region with a transition between wakes and a zone with
some features associated with the becalmed region. This region is
located downstream of the small, fully laminar zone L. There is a
smooth decrease in the shape factor H in zone B (line Z, Fig. 8),
whereas in the region of the wake-induced transition, a sharp drop
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Fig. 7 Skin-friction coef� cient: full Navier–Stokes simulation, FLB
model.

Fig. 8 Shape factor: Navier–Stokes simulation,FLB turbulence model.

of H (line Y) indicates an abrupt transition from the laminar to
the turbulent � ow. A comparison between predictions based on the
FLB model and the LB model shows that the LB model predicts
early transition. Zone C is the wake-induced turbulence strip. Two
counter-rotating vortices inside the boundary layer, generated by
the interaction of the upstream wake with the cascade � ow, have
a major in� uence on the unsteady boundary layer downstream of
the transitional region. A clockwise rotating vortex near the lead-
ing edge of the wake leads to a smaller C f in the region C . The
skin-friction coef� cient in the region D (trailing edge of the wake)
has increased the level of C f as a result of the counterclockwise
vortex. Boundary-layer simulation predicts no change in the skin-
friction coef� cient in this region.1 The Navier–Stokes simulation
providesmore accuratesimulationof the wake behaviorin the outer
region of the boundary layer and predicts the extended region of
this counterclockwisevortex (about 20% of chord). Because of the
presence of this vortex, the boundary-layerpro� le has larger gradi-
ents near the wall resulting in increased shear stresses between the
wakes.

The transitional� ow and the unsteadyboundarydevelopmentare
controlledby both the mean velocitydefect and turbulencevariation
in thewake.These two factorshavea dissimilarin� uencein different
regions.Unsteady interactionbetween the mean � ow and the turbu-
lence � eld, with a phase lag between the velocity, the pressure, and
the turbulencequantities,make the � ow very complex. It is possible

to estimate the importanceof these two mechanisms from an analy-
sis of the unsteady � ow� eld simulated by the Navier–Stokes solver.
In the wake-induced transitional strip (zone A in Figs. 7 and 8),
in� uence of the velocity defect has the dominant in� uence. While
the turbulence intensity in the wake reaches 10%, the phase lag be-
tween k in the freestream and k in the boundary layer reduces the
in� uence of the increased turbulent kinetic energy at this location.
An opposite effect is felt in regionB, which is locatedbetweenwake
paths. The ampli� cation of the unsteady turbulencenear the leading
edge leads to an increased level of k from 10 to 30% of the chord.
Additional diffusion of the turbulence from the freestream results
in a smoother transition, as seen along line Z in Fig. 8.

One of the characteristicfeatures of the unsteady boundary layer
is the phase lag between the velocity at the edge and inside the
boundary layer. The distance between path I and path II (Fig. 7) is
widening with the development of the boundary layer downstream
of the leading edge, which is an indicationof an increasedphase lag
in the velocity � eld. The amplitude and the phase angle of veloc-
ity � uctuations are shown in Fig. 9. This phase lag increases from
about30degat X c=C D 0:4 to 100degat Xc=C D 0:76 (Fig. 9b).The
predictedphase angle and the amplitude of the � rst harmonic of the
total velocity correlatewell with the predictionsfrom the boundary-
layer code; this is one of the most important and critical steps in the
validation of the Navier–Stokes code. With proper control of the
arti� cial dissipation, grid, and time step, the Navier–Stokes code
can be used to predict the unsteady transitional boundary layer
accurately.

The predicted momentum thickness, shown in Fig. 10, re-
veals excellent agreement with the experimental data and the
Euler/boundary-layerprediction. Similar to the boundary-layerso-
lution, the Navier–Stokes solver predicts a higher level of time-
averaged momentum thickness in comparison with the steady-state
solution, which is an indication of an increased loss because of
the unsteady interaction. According to the � ow visualization, the
� ow separation occurs near 90% chord. The main drawback of the
boundary-layer approach is its inability to simulate the separated
� ow. The Navier–Stokescode correctlypredicts the separationzone,
existing from 87% of chord. The predicted separation has an un-
steady character; � ow conditions vary from the fully attached to
the separated � ow. A sharp increase in the momentum thickness

a)

b)

Fig. 9 Velocity pro� le: a) amplitude and b) phase lag; ——, N–S sim-
ulation, and – – – ¢ , boundary-layer simulation.
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Fig. 10 Momentum thickness, suction surface: , experiment, time
average; , experiment, min/max; – – –, N–S simulation, steady;
——, N–S simulation, time average; – ¢ –, N–S simulation, min/max;

, boundary-layer simulation, time average; and , boundary-layer
simulation, min/max.

beyond 85% of chord is because of an earlier separation caused by
the passing wake.

Conclusion
An existing steady Navier–Stokes code is extended to include

pseudo time stepping, which provided acceleration from 5 to 25
times that of the original code. A systematic validation procedure
is implemented to assess the effects of the grid density, the arti� -
cial dissipation,and the physical and pseudo time steps for accurate
predictionof transitional � ows resulting from the rotor-stator inter-
action.

The ability of the Navier–Stokes code to predict the unsteady
transitional � ow on a turbomachinery blade is demonstrated. The
unsteady pressure and velocity � elds are in good agreement with
the experimental data and the prediction from the Euler/boundary-
layer approach.The numerical solver is able to capture major zones
(wake-inducedtransitionalstrip, wake-induced turbulent strip, etc.)
associated with the wake-induced transition in a compressor cas-
cade.

Another signi� cant step is the assessmentof k-" turbulencemod-
els, including leading-edge modi� cations. The best results are ob-
tainedusing theFLB model.The LB modelpredictsearlier inception
of the transition and shorter transition length. Modi� cation of the
k-" model is found to be essential for the accurate prediction of
the unsteady transitional � ow in the compressor cascade. The CH
model fails to predict the unsteady transitional � ow. The predicted
boundary layer is turbulent from the leading edge, even with the
modi� cation of the k-" model near the stagnation point.

The Navier–Stokes simulation requires only two to three times
more CPU time in comparison with the Euler simulation if the sur-
face pressure distribution is of primary concern. Thus, the Navier–
Stokes solver can be used as a replacement for the Euler code in
a coupled Euler/boundary-layer procedure, and so this will com-
bine the ef� ciency and the accuracy of the unsteady boundary code
with the ability of the Navier–Stokes code to predict more accu-
rate pressure distribution, upstream wake decay, off design, and

separated � ow. The required CPU time in this case is about three
times the CPU time required for the original Euler/boundary-layer
solver.
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